In this paper we study a special subclass of real solvable Lie Algebras having small dimensional or small codimensional derived ideal. For any Heisenberg Lie algebra, its derived ideal is one-dimensional and the 4-dimensional real Diamond algebra has one-codimensional derived ideal. Moreover, all the coadjoint orbits of every Heisenberg Lie group as well as 4-dimensional real Diamond algebra are orbits of dimension zero or maximal dimension. In general, a (finite dimensional) real solvable Lie group is called an M D-group if its coadjoint orbits are zerodimensional or maximal dimensional. The Lie algebra of an M D-group is called an M D-algebra and the class of all M D-algebras is called M D-class. Simulating the characteristic mentioned above of Heisenberg Lie algebras and 4-dimensional real Diamond algebra, we give a complete classification of M D-algebras having one-dimensional or one-codimensional derived ideal.
• In 2012, M. T. Duong, G. Pinczon, and R. Ushirobira [7] gave a classification of Solvable singular quadratic Lie algebras.
• In 2012, Liang Chen [5] classified a class of solvable Lie algebras with triangular decompositions.
In an attempt to classify solvable Lie algebras by structure, we study in this paper a special subclass of real solvable Lie Algebras having small dimensional or small codimensional derived ideals. This idea comes from an investigation of Kirillov's Orbit Method on the (2m + 1)-dimensional Heisenberg Lie algebras of dimension 2m + 1 (0 < m ∈ N) and the 4-dimensional real Diamond Lie algebra. Recall that, in 1962 A. A. Kirillov introduced the Orbit Method (see [12] ) which quickly became the most important method in the theory of representations of Lie groups and Lie algebras. The key of Kirillov Orbit Method is the coadjoint orbits or K-orbits (i.e., orbits in the coadjoint representation) of Lie groups. We emphasize that any K-orbit of the (2m + 1)-dimensional Heisenberg Lie group and the 4-dimensional real Diamond Lie group has dimension zero or maximal. Hence, it is reasonable to consider the class of solvable Lie groups (and corresponding algebras) having the similar property. [6] ). Now, we list main results about M D-class.
• In 1984, H. H. Viet [20] completely classified all of SM D-algebras (of arbitrary dimension).
• In 1990, L. A. Vu gave a complete classification of all 4-dimensional M D-algebras (see [24] , [25] , [26] ).
• In 1995, D. Arnal and his colleagues [1] gave the list of all M D-algebras such that the maximal dimension of K-orbits of corresponding M D-groups is just two, but he have not yet classified them up to isomorphism.
• Up to 2012, Vu and his colleagues had classified (up to isomorphism) all of M D-algebras of dimension 5 (see [27] , [28] ).
• In 2013, the M D-class was listed as a specific attention in classification of Lie Algebras by L. Boza, E. M. Fedriani, J. Nunez and A. F. Tenorio [2] .
The investigation of general properties of M D-class, in particular, the complete classification of MD-class is still open up to now.
As we say above, the real (2m + 1)-dimensional Heisenberg Lie algebra and the real 4-dimensional Diamond Lie algebra are M D-algebras. The real Lie Heisenberg algebras and their extensions are investigated by a lot of mathematicians because of their physical origin and applications. Moreover, the first derived ideal of the Heisenberg Lie algebra is 1-dimensional and the first derived ideal of the 4-dimensional Diamond Lie algebra is 1-codimensional. We will generalize these properties to consider MD-algebras having the first derived ideal of dimension 1 or codimension 1. respectively. Of course, the (2m + 1)-dimensional Heisenberg Lie algebra belongs to M D(2m + 1, 1) and the 4-dimensional real Diamond Lie algebra belongs to M D(4, 3). The main purpose of this paper is to completely classify, up to isomorphic, M D( * , 1)-class and M D( * , * − 1)-class. We also prove that any real solvable Lie algebra having one-dimensional derived ideal belongs to M D( * , 1) and give a sufficient and necessary condition in order that a n-dimensional real solvable Lie algebra having one-codimensional derived ideal belongs to M D(n, n − 1), n > 4.
The next part of the paper will be organized as follows: Section 2 gives some basic concepts, especially we recall the Lie algebra of the group of the affine transformations of real straight line, the real Heisenberg Lie algebras and the real Diamond Lie algebras. Section 3 deals with some well-known remarkable classifications of some subclasses of M D-algebras. The main results about the complete classifications of M D( * , 1)-class and M D( * , * − 1)-class, are given in Section 4. The last section is devoted the discussion of some open problems.
SOME BASIC CONCEPTS
We first recall in this section some preliminary results and notations which will be used later. For details we refer the reader to the book [12] of A. A. Kirillov and the book [6] of D. N. Diep.
The Coadjoint Representation and Coadjoint Orbits
Let G be a Lie group, G = Lie(G) be the corresponding Lie algebra of G and G * be the dual space of G. For every g ∈ G, we denote the internal automorphism associated with g by A (g) , and hence,
This automorphism induces the following map A (g) * : G → G which is defined as follows
This map is called the tangent map of A (g) .
The coadjoint representation is the dual of the adjoint representation. Namely, we have the following definition.
A geometrical interpretation of the coadjoint representation of G is as the action by left-translation on the space of right-invariant 1-form on G.
Definition 2.1.3. Each orbit of the coadjoint representation of G is called a K-orbit of G.
We denote the K-orbit containing F by Ω F . For every F ∈ G * , the K-orbit containing F can be
The dimension of every K-orbit of an arbitrary Lie group G is always even. In order to define the dimension of the K-orbits Ω F for each F from the dual space G * of the Lie algebra G = Lie(G), it is useful to consider the following (skew-symmetric bilinear) Kirillov form B F on G corresponding to F :
Denote the stabilizer of F under the co-adjoint representation of G in G * by G F and G F := Lie(G F ).
We shall need in the sequel of the following result.
Proposition 2.1.4 (see [12] , Section 15.1).
MD-groups and MD-algebras and some their properties
Definition 2.2.
1. An n-dimensional M D-group or, for brevity, an M Dn-group is an n-dimensional real solvable Lie group such that its K-orbits are orbits of dimension zero or maximal dimension. The Lie algebra of an M Dn-group is called an M Dn-algebra. M D-class and M Dn-class are the sets of all M D-algebras (of arbitrary dimension) and M Dn-algebras, respectively. Remark 2.2.3. Note that all the Lie algebras of dimension n (n ≤ 3) are M D-algebras, and moreover they can be listed easily. So we only take interest in M Dn-algebras for n ≥ 4.
For any real Lie algebra G, as usual, we denote the first and second derived ideals of G by
, respectively. Now, we introduce some well-known properties of M D-algebras.
First, the following proposition gives a necessary condition for a Lie algebra belonging to M Dclass. Proposition 2.2.4 (see [20] , Theorem 4). Let G be an MD-algebra. Then its second derived ideal G 2 is commutative.
We point out here that the converse of the above result is in general not true. In other words, the above necessary condition is not a sufficient condition. Proposition 2.2.5 (see [6] , Chapter 2, Proposition 2.1). Let G be an MD-algebra. If
is not vanishing perfectly in G 1 , i.e. there exists U ∈ G 1 such that F, U = 0, then the K-orbit Ω F has maximal dimension.
Proposition 2.2.6 (see [28] ). There is no MD-algebra G such that its second derived ideal G 2 is not trivial and dim
To illustrate and show the role of the M D-class, in the rest of this section, we will introduce some typical examples and counter-examples of M D-algebras.
The Lie Algebra of the group of affine transformations of real straight line
The Lie algebra aff(R) of the group Aff(R) of affine transformations of real straight line R is the unique non-commutative real Lie algebra of dimension 2 and it is defined as follows:
Remark 2.3.1. Clearly, every real Lie algebra of dimension n ≤ 3 is an M D-algebra. In particular aff(R)) is an M D(2, 1)-algebra.
The Real Heisenberg Lie Algebras
The real (2m + 1)-dimensional Heisenberg algebra (0 < m ∈ N) is the following real Lie algebra:
and the other Lie brackets are trivial. of h 2m+1 and F = a 1 X *
.., a m , b m , c) be an arbitrary element in h * 2m+1 . Then the Kirillov form B F is given by the following matrix
with m blocks Λ = 0 c −c 0 .
In view of Proposition 2.1.4, it is a simple matter to get the following proposition. (ii) K-orbits containing F is of dimension 2m if and only if c = 0.
The Real Diamond Lie Algebras
The real (2m + 2)-dimensional Diamond Lie algebra (0 < m ∈ N) is one semi-direct extension of the (2m + 1)-dimensional Heisenberg algebra by R, namely it is the following real Lie algebra:
where the Lie structure is given by
and the other Lie brackets are trivial.
Remark 2.5.1. The real (2m + 1)-dimensional Heisenberg algebra is the first derived ideal of the real (2m + 2)-dimensional Diamond Lie algebra. In particular, the first derived ideal of R.h 2m+1 is of codimension one.
* . Then we get the Kirillov form B F as follows
By virtue of Proposition 2.1.4, one can verify the following proposition. 
SOME SUBCLASSES OF MD-CLASS
In this section, we would like to introduce some well-known remarkable results of classification of M Dclass. First, recall that all of the M D-algebras of dimension 4 or 5 were classified, up to isomorphism, by L.A. Vu and his colleagues (see [25] , [26] and [27] ). However, to illustrate the general results will be given in the last section of the paper, we will introduce in the first subsection the classification of M D(n, 1)-class and M D(n, n − 1)-class for small n, namely n = 4 or n = 5.
Classification of MD(4,1)-Class and MD(4,3)-Class
Proposition 3.1.1 (Classification of MD(4, 1)-class, see [26] ). Let G be an M D(4, 1)-algebra. Then G is decomposable and we can choose a suitable basis
R.Z, and G is isomorphic to one of the following Lie algebras.
the others Lie brackets are trivial.
Then G must be indecomposable and we can choose a suitable basis (X, Y, Z, T ) of G such that G is isomorphic to one of the following Lie algebras.
Classification of MD(5,1)-Class and MD(5,4)-Class
Proposition 3.2.1 (Classification of MD(5, 1)-algebras, see [27] and [28] ). Let G be an
and G is isomorphic to one of the following Lie algebras.
1. When G is indecomposable
; the others Lie brackets are trivial.
2. When G is decomposable
Proposition 3.2.2 (Classification of MD(5, 4)-algebras, see [27] ). Let G be an MD(5,4)-algebra. Then G must be indecomposable, G 1 is commutative and we can choose a suitable basis (X 1 , X 2 , X 3 ,
and G is isomorphic to one of the following Lie algebras. 
In the next subsection, we introduce one noticeable result of D. Arnal and his colleagues in 1995.
List MD-algebras Whose Simply Connected MD-Groups Have Only Coadjoint Orbits of Dimension Zero or Two
In an attempt to classify solvable Lie algebras by structure, in 1995 D. Arnal and his colleagues [1] have listed, up to a direct central factor, all Lie algebras (solvable or not) such that the maximal dimension of K-orbits of corresponding connected and simply connected Lie groups is just two. However, he and his colleagues have not yet classified, up to isomorphism, these algebras.
Proposition 3.3.1 (see [1] ). Let G be a connected, simply connected solvable Lie group whose coadjoint orbits have dimension smaller or equal to two. Let G be the Lie algebra of G. Then, up to a direct central factor, G belongs to the following list of algebras:
(i) R.T ⊕ a where a is an abelian ideal and ad T ∈ End(a).
(ii) R.T ⊕ h 3 where h 3 is the three-dimensional Heisenberg algebra spanned by (X, Y, Z) with [X, Y ] = Z and
and the multiplicative law reads
and the nonvanishing brackets are ( In other words, if G is a n-dimensional real solvable Lie algebra having the first ideal 1) -algebra and G isomorphic to one and only one of the following Lie algebras.
The Main Results
(i) The Lie algebra aff(R) of the group Aff(R) of all affine transformations on R; n = 2.
(ii) aff(R) ⊕ R n−2 ; 3 ≤ n.
(iii) The real Heisenberg Lie algebra h 2m+1 ; 3 ≤ n = 2m + 1.
It is clear that Theorem 4.1.1 can be formulated by another way in the following consequence which gives a new character of the real Heisenberg Lie algebras. (i) G is indecomposable and has the first derived ideal
(ii) G is an indecomposable M D(n, 1)-algebra.
(iii) G is the n-dimensional Heisenberg Lie algebra (in particular, n is odd).
The next theorem gives one necessary and sufficient condition to recognize one M D(n, n − 1)-algebra (4 ≤ n ∈ N). Let G be a real solvable Lie algebra of dimension n (3 ≤ n ∈ N) such that its first derived ideal G 1 is
(ii) If n > 4 and G is an M D(n, n − 1)-algebra then G 1 is commutative.
Remark 4.1.4. When n ≤ 4, assertion (ii) is not true. Namely, if n < 4, all the n-dimensional Lie algebras are MD-algebras, and moreover, they can be listed easily. If n = 4, as previously indicated, the derived ideal of the 4-dimensional real Diamond Lie algebra is the 3-dimensional Heisenberg algebra which is non commutative and is 1-codimensional. In fact, all M D4-algebras were completely classified in 1990 by the first author (see [25] and [26] ) and the classification of M D(4, 1)-class and M D(4, 3)-class ware recalled in Proposition 3.1.1.
The last theorem will characterize every M D(n, n − 1)-algebra by a invertible real (n − 1)-square matrix and reduces the task of classifying M D(n, n − 1-class to obtaining the well-known classification of equivalent of proportional similar matrices. Let G be an M D(n, n − 1)-algebra (3 ≤ n ∈ N) generated by a basis (X 1 , X 2 , · · · , X n ) such that the first derived ideal G 1 is 1-codimensional and spanned by (X 1 , X 2 , ..., X n−1 ). It is obviously that the Lie structure of G is well understood by the invertible real (n − 1)-square matrix of map ad Xn considering as an automorphism of G 1 for the basis (X 1 , X 2 , ..., X n−1 ).
Theorem 4.1.5. Let G be a real vector space of dimension n (3 ≤ n ∈ N) generated by a basis (X 1 , X 2 , · · · , X n ) and G 1 := Span(X 1 , X 2 , ..., X n−1 ) is the 1-codimensional subspace of G . Then we have the following assertions.
(i) Each invertible real (n − 1)-square matrix A always defines one Lie structure on G such that G is an M D(n, n − 1)-algebra with the first derived ideal is commutative, exactly equals to G 1 and
A is exactly the matrix of adjoint map ad Xn on G 1 in the chosen basis (X 1 , X 2 , ..., X n−1 ).
(ii) Two invertible real (n − 1)-square matrices A, B define two Lie structures on G which are isomorphic if and only if there exist a non-zero real number c and an invertible real (n − 1)-square matrix C so that cA = CBC −1 . (ii) The classification of indecomposable M D(5, 4)-algebras in Proposition 3.2.2 of this paper gives one concrete illustration of Theorem 4.1.5 when n = 5. On principle, it is not hard to list all non-isomorphic indecomposable M D(n, n − 1)-algebras by applying Theorem 4.1.5 for n is small, for example n = 6, 7, ... .
Proof of Theorem 4.1.1
In this section, we always consider G as a solvable real Lie algebra of dimension n ≥ 3 whose the derived ideal
we can choose a suitable basis such that G = Span (X 1 , X 2 , ..., X n ) , G 1 = Span (X n ) = R.X n . Let G be the connected, simply connected Lie group corresponding to G.
When n = 2, it is obvious that the part (i) in Theorem 4.1.1 is hold because aff(R) is an M D(2, 1)-algebra (see Remark 2.3.1) and it is the unique non-commutative real Lie algebra of dimension 2. Therefore, in the rest of this subsection, we can suppose that n ≥ 3. (a i , a ij ∈ R) ; i, j = 1, 2, ..., n − 1. Evidently, the Lie structure on G is well understood by the vector a := (a 1 , a 2 , ..., a n−1 ) and the skew-symmetric real (n − 1)-square matrix A := (a ij ) i,j=1,n−1 . There are two cases to consider for the values of the vector a: a = 0 or a = 0.
The first case: a = 0 First, we consider the case a = 0, i.e. ∃ i ∈ {1, 2, ..., n − 1} such that a i = 0. Renumber the chosen basis, if necessary, we can always suppose that a n−1 = 0. Then [X n−1 , X n ] = a n−1 X n = 0. Lemma 4.2.1. If a = 0 then G is an M D(n, 1)-algebra which is isomorphic to aff(R) ⊕ R n−2 when n ≥ 3.
Proof. Using the following change of basis
Hence, without loss of generality, we can now assume
Using the Jacobi identity for triples (X i , X j , X n−1 ) with 1 ≤ i < j ≤ n − 2, we get
Now, using the change of basis as follows
..., n − 2. So we can suppose now that
Hence, in this case, G is isomorphic to the following Lie algebra
the other Lie brackets are trivial).
Obviously, the K-orbits of G is of dimension 0 or 2. This means that G is an M D(n, 1)-algebra.
The second case: a = 0
Now, we consider the second case a = 0, i.e. [X i , X n ] = 0, i = 1, 2, ..., n − 1. Then the Lie structure of G is uniquely defined by the skew-symmetric real (n−1)-square matrix A = (a ij ) i,j=1,n−1 , which is called the structure matrix of G. Since G 1 = Span(X n ) is 1-dimensional, A is non-trivial and 0 < rank(A) is even. Then we have the following lemma. Proof. Let G * ≡ R n be the dual space of G with dual basis (X * 1 , X * 2 , ..., X * n ) and F = a 1 X * 1 + a 2 X * 2 + ... + a n X * n ≡ (a 1 , a 2 , ..., a n ) be an arbitrary element of G * . The Kirillov form B F is given as follows
, 2k} where 2k = rank(A) is the rank of the structural matrix. More precisely
• rank(B F ) = 0 if and only if a n = 0, i.e. F = (a 1 , a 2 , · · · , a n−1 , 0).
• rank(B F ) = rank(A) = 2k > 0 if and only if a n = 0.
Hence, in view of Proposition 2.1.4, G is an M D(n, 1)-algebra and the maximal dimension of K-orbits of G is the rank of the structure matrix.
Now, we will consider whether G is decomposable in this case. 
• If X a = 0 = X b then they are of course linear independent and dimZ(G) > 1.
• If X a or X b is 0. Without loss of generality, we can suppose that X a = 0, i.e. X n = X b ∈ B. In particular G 1 = Span(X n ) ⊆ B. Let X = 0 ∈ A be an arbitrary element. Obviously, [X, Z] = 0 for every Z ∈ B. On the other hand, we have
This means that X commutes with any element of G = A ⊕ B, i.e. X ∈ Z(G). Because of X ∈ A, X n ∈ B so X, X n are linear independent and dimZ(G) > 1.
Hence, dimZ(G) > 1 in any case.
(⇐) Suppose dimZ(G) > 1. There exists X ∈ Z(G) such that X, X n are independent. We can add T 1 , ..., T n−2 in (X, X n ) to get a new basis of G. Then we have
Therefore G is decomposable. Recall that each M D(n, 1)-algebra G in the second case is always defined uniquely by an (n − 1-square skew-symmetric) structure matrix A. Now we will consider whether two structure A and B give us isomorphic Lie algebras. Lemma 4.2.5. Let A = (a ij ) i,j=1,n−1 , B = (b ij ) i,j=1,n−1 be skew-symmetric real (n − 1)-square matrices and G A , G B be M D(n, 1)-algebras which are defined by A, B respectively. Then
where C T is the transpose of C.
there is a non-zero real number c so that f (X n ) = cX n . Clearly the matrix of f in the basis (X 1 , X 2 , ..., X n−1 , X n ) is given as follows
,n−1 is a real (n−1)-square matrix, and * is the vector (c n1 , ..., c n,n−1 ). Because f is an isomorphism, M is invertible and so is C. Hence, the linear map f is a Lie isomorphism if and only if
(⇐) Conversely, suppose that there exist a non-zero real number c and an invertible real (n − 1)-square matrix C = (c ij ) i,j=1,n−1 such that cA = C T BC. Let f : G A −→ G B be a linear map which is defined, in the basis (X 1 , X 2 , ..., X n−1 , X n ), by the matrix M ′ as follows
Since C is invertible and c = 0, f is a linear isomorphism. Moreover, it is easy to check that f is also a Lie homomorphism. Therefore, f is a Lie isomorphism.
Remark 4.2.6. Recall that two real (n − 1)-square matrices A, B are said to be congruent if there exists an invertible (n − 1)-square matrix C such that B = C T AC. Furthermore, any non-zero skewsymmetric real square matrix can be always transformed into the canonical form. More precisely, for any non-zero skew-symmetric real (n − 1)-square matrix A, there exists a real orthogonal matrix C such that
where
and {±iλ 1 , ..., ±iλ m } (i is the imaginary unit in the complex field C) is the set of all multiple eigenvalues of A.
For example, the real Heisenberg Lie algebra
has the structure matrix H = diag(I, · · · , I) including n blocks I = 0 1 −1 0 . This matrix H has exactly two m-multiple eingenvalues ±i and H has no eigenvalue 0.
Proof of Theorem 4.1.1
Recall that we need only show the part (ii), (iii), (iv) of Theorem 4.1.1. Lemmas 4.2.1, 4.2.2 and 4.2.3 show that the considered Lie algebra G belongs to M D(n, 1)-class. Moreover, the part (ii) of Theorem 4.1.1 is implied directly from Lemma 4.2.1. We only need to prove the part (iii) and (iv).
In the basis (X 1 , X 2 , ..., X n ), the structure matrix of G is A. We will choose a new basis to get the standard form B = C T AC. By Lemma 4.2.5, the Lie algebra defined by the matrix B is isomorphic to G.
If B has no zero eigenvalue, i.e.
We get the structure matrix H = D T BD of Heisenberg algebra h 2m+1 , 2m + 1 = n. By Lemma 4.2.5,
If B has eigenvalues 0, i.e. 0 < 2m < n − 1, then Z(G) is generated by the basis X 2m+1 , ..., X n whose dimension is greater than 1. By Lemma 4.2.3, G is decomposable, namely G is isomorphic to h 2m+1 ⊕ R k where k = n − (2m + 1) > 0. Actually, the direct summand R k is the commutative Lie subalgebra of G generated by (X 2m+2 , ..., X n ) and h 2m+1 is generated by (X 1 , X 2 , ..., X 2m ; X 2m+1 ). So the part (iv) is proved and the proof of Theorem 4.1.1 is complete.
Proof of Theorem 4.1.3
In this section, we always consider G as a solvable real Lie algebra of dimension n ≥ 3 with the 1-codimensional first derived ideal
Without loss of generality, we can choose a suitable basis such that
Let c l ij (1 ≤ i < j ≤ n, 1 ≤ l ≤ n) be the structure constants of G. Then the Lie brackets of G are given by
In view of the Proposition 2.2.4, if G is an M D-algebra then G 2 is commutative and we get
In order to prove Theorem 4.1.3, we need some lemmas.
Lemma 4.3.1. If G is an MD-algebra of dimension n (n ≥ 3) whose the first derived ideal G 1 is commutative and 1-codimensional then dim Ω F ∈ {0, 2}, for every F ∈ G * .
Proof. Because G 1 = Span (X 1 , X 2 , ..., X n−1 ) is (n − 1)-dimensional commutative and G is noncommutative, so c l ij = 0; 1 ≤ i < j ≤ n − 1, 1 ≤ l ≤ n − 1 and the adjoint ad Xn is an isomorphism on G 1 . Therefore the matrix − c i jn i,j=1,n−1 of ad Xn in the basis (X 1 , X 2 , ..., X n−1 ) of G 1 is invertible.
In particular, the structure constants c n−1 jn (1 ≤ j ≤ n − 1) are not concomitantly vanish.
Chose F = X * n−1 ∈ G * . It is easily seen that the matrix of the Kirillov form B F in the basis (X 1 , X 2 , ..., X n ) as follows
It is clear that rankB F = 2 because of c n−1 jn (1 ≤ j ≤ n − 1) are not concomitantly vanish. Since G is an MD-algebra, so we get dim Ω F = rankB F ∈ {0, 2} for any F ∈ G * .
Hence, we get
where LC 1 G 2 and LG 2 G 2 are a linear combinatory of the vectors in the basis (
Because of the independence of chosen basis (X 1 , X 2 , ..., X n ), these assertions imply that there exists one row-vector Y k+1 ∈ R n−k−1 such that
Similarly, there exist Y k+2 , ..., Y n−1 ∈ R n−k−1 such that
So there is a real matrix P such that P A = I, where I is the unit matrix of M at n−k−1 (R). Therefore A is an invertible matrix.
The following lemma is the well-known result of Linear Algebra for every skew-symmetric real matrices of 4-order and it can be easily verified by simple computation. Let G be a real solvable Lie algebra of n dimension with the first derived ideal G 1 ∼ = R n−1 is 1-codimensional and commutative. Recall that, with notations as above,
Then, by simple computation, we can see that the matrix B F of the Kirillov form B F is given as follows.
It is clear that rankB F ∈ {0, 2} and, for every F ∈ G * , rankB F is not concomitantly vanish. Hence, by virtue of Proposition 2.1.4, G is an M D(n, n − 1)-algebra.
Proof of the part (ii)
We will show that if G is an real solvable Lie algebra of dimension n > 4 with the first derived ideal G is 1-codimensional and non-commutative then G is not be an MD-algebra.
Recall that we always chose, without loss of generality, one basis (X 1 , X 2 , ..., X n ) of G such that
There are some cases which contradict each other for the values of k as follows.
It is sufficient to prove for just k = n − 3 because the proof for each k in this case is similar. That means
According to the Lemma 4.3.2, matrix P = c n−2 n−2,n c n−2 n−1,n
Let F be an arbitrary element of G * . Put
Then the matrix of the Kirillov form B F in the basis (X 1 , X 2 , ..., X n ) as follows
in which the asterisks denote the undetermined numbers.
Let us consider the 4-square submatrices of B F established by the elements which are on the rows and the columns of the same ordinal numbers i, n − 2, n − 1, n (i ≤ n − 3). According to Lemma 4.3.1, rank(B F ) ∈ {0, 2} and this implies that the determinants of these considered 4-square submatrices are zero for any F ∈ G * . In view of Lemma 4.3.3, the following structure constants are vanished:
This implies
Therefore, we get
.., X n−3 ) ≤ 1, i.e. n ≤ 4, which conflicts with the assumption that n > 4. The proof is complete.
Proof of Theorem 4.1.5
As vector spaces (without the Lie structures), we have
Let A = (a ij ) i,j=1,n−1 be a some real invertible (n − 1)-square matrix.
Proof of part (i)
We define a Lie structure on G such that G 1 is commutative and A is exactly the matrix of adjoint map ad Xn on G 1 in the chosen basis (X 1 , X 2 , ..., X n ). Namely, the Lie brackets [·, ·] A on G are given as follows.
[X n , X j ] A := i<n a ij X i ; j = 1, 2, ..., n − 1; the others are trivial (4.4)
With such Lie structure, the derived ideal of G is commutative and exactly equals to G 1 . Hence, G is an M D(n, n − 1)-algebra.
Conversely, suppose there is a Lie structure on G with the Lie brackets [·, ·] satisfies the above property (4.4) . Because the first derived ideal of G is commutative and equals to G 1 , so one has [X i , X j ] = 0 for all i, j = 1, 2, ..., n − 1. On the other hand, A is the matrix of adjoint map ad Xn on G 1 . Therefore, we get [X n , X j ] = i<n a ij X i ; j = 1, 2, ..., n − 1.
in the basis (X 1 , X 2 , ..., X n−1 , X n ), by the following invertible n-square matrix 
CONCLUSION
We close the paper with some remarkable comments on the problem of the classification of M D-class.
MD

2k -class
We emphasize that the problem of classification of all M D-algebras is still open up to now. There are at least three ways of proceeding in the classification of M D-class as follows:
• The first way: By fixity of the dimension of M D-algebras.
• The second way: By fixity of the maximal dimension of coadjoint orbits.
• The third way: Combining form of the above ways. To classify M D-class by the second or third way, we give the following definitions.
Definition 5.1.1. Each n-dimensional solvable Lie group G whose coadjoint orbits having dimension zero or 2k (0 < 2k < n) is called an M D 2k n-group. The Lie algebra G = Lie(G) of G is called an M D 2k n-algebra.
When we do not pay attention to the dimension of the considered group or algebra, we will call G or G an M D 2k -group or M D 2k -algebra, respectively. 
Some Open Problems
5.2.1. Classify MD(n, m)-class and MD(n, n − m)-class for 2 ≤ m ≤ n − 2, n ≥ 6.
Classify MD
2k n-class or MD 2k -class for 2k ≥ 4; n ≥ 6.
In the next papers, first we will discuss the classification of M D(n, 2)-class, M D(n, n − 2)-class and M D 4 n-class for 6 ≤ n ≤ 8. 
Examples of MD
The First Example
Let G 2m = Span (X 1 , X 2 , ..., X 2m ) be the 2m-dimensional real Lie algebra (2 ≤ m ∈ N with Lie brackets as follows [X 1 , X k ] := X k ; [X 2 , X 2j−1 ] := X 2j ; [X 2 , X 2j ] := −X 2j−1 ; 3 ≤ k ≤ 2m, 2 ≤ j ≤ m.
The Second Example
Now, we consider another example. Let G 2m+1 = Span (X 1 , X 2 , ..., X 2m+1 ) be the (2m + 1)-dimensional real Lie algebra (2 ≤ m ∈ N with Lie brackets as follows Upon simple computation we get the following proposition. 
